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Abstract
It was proved by Ozawa and Monod that a wreath products of a group
containing an infinite abelian subroup and a non-amenable group is non-
unitarizable. We show that a wreath product of a non-trivial group and
a non-amenable group is non-unitarizable.
1 Intoduction
Let G be a countable group. A representation of G is any homomorphism of
this group into the group of invertible bounded operators on a Hilbert space. A
representation is called unitary if the range of this homomorphism is a subset of
the group of unitary operators. We will say that a representation is unitarizable
if there is another scalar product on the Hilber space that would generate the
same topology and that the representation is unitary with respect to this new
Hilbert structure. For our purposes it would be convenient to give an equivalent
definition. A representation pi of a countable group G on a Hilbert space H is
unitarizable if there is a bounded operator B on H and a constant C > 0 such
that (pi(g))∗Bpi(g) = B for all g ∈ G, and 〈Bv, v〉 ≥ C‖v‖2 for all v ∈ H. A
representation pi of a countable group G is called uniformly bounded if there is
a constant K such that |pi(g)| < K for all g ∈ G. A countable group is called
unitarizable if each of its uniformly bounded representations is unitarizable.
These natural definitions rise the question: which countable groups are uni-
tarizable. Early on, in the 50’s, the following answer was proposed by Dixmier
[D50]:
Conjecture 1. A countable group is unitarizable iff it is amenable.
The “if” direction was handled by Dixmier in the same paper, by M. Day
[Da50], and by Nakamura and Takeda [NT51]. The other direction proved to
be much harder. It was shown that the free group F2 on two generators is not
unitarizable(see e.g. [P04]).
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Theorem 1. The free group F2 has a uniformly bounded non-unitarizable rep-
resentation on a separable Hilbert space.
For some more recent results on non-unitarizable groups see [EM09], [S15],
[Geta20].
Using an induced representation construction it is easy to prove the following
well-known result:
Proposition 1. A subgroup of a unitarizable group is unitarizable.
So, if only the von Neumann–Day conjecture (stating that all non-amenable
groups contain a copy of a non-abelian free subgroup) was true, the Dixmier
problem would be solved, but it is known from the work of Olshanski [Ol91] that
there are non-amenable groups that do not contain non-abelian free subroups.
While the von Neumann–Day conjecture is not true in its original form, its
“measured” counterpart holds true. We would say that a group G orbitally
contains a groupN if there is a standard probability space (X,µ) and essentially
free measure preserving actions of G and N on X such that the orbit of almost
every point in X under the N -action is a subsets of the orbit under the G-
action. We would call such a pair of actions an orbit inclusion of N into G.
We remind that a Bernoulli action of a countable group G is a shift-action of G
on the product space (K,κ)G = (
∏
g∈GK,
⊗
g∈G κ), where (K,κ) is a standard
probability space (K,κ).
Theorem 2 (Gaboriau-Lyons, [Gl09]). Any non-amenable countable group G
orbitally contains the free group F2 on two generators. In fact, the action of
G for the orbit inclusion could be taken to be the Bernoulli action Gy [0, 1]G,
where [0, 1]G is endowed with the product of standard Lebesgue measures on
[0, 1].
Using the latter theorem, Monod and Ozawa proved that a large class of
groups are non-unitarizable:
Theorem 3 (Monod-Ozawa, [MO09]). If G is a countable non-amenable group
and A is any countable group containing an infinite abelian subgroup, then the
restricted wreath product A ≀G is non-unitarizable.
We remind that the wreath product is defined as follows:
A ≀G =
⊗
G
A⋊G,
where
⊗
GA is the direct sum of copies of A indexed by G upon which G acts
by shifts.
Lewis Bowen provided the following refinement of the Gaboriau-Lyons the-
orem:
Theorem 4 (L. Bowen, [B19]). In the setting of the Gaboriau-Lyons theorem,
the action of G could be taken to be any non-trivial Bernoulli action G y
(K,κ)G.
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In this paper we use Bowen’s result to improve upon the Monod-Ozawa
theorem by dropping the infinite abelian subgroup requirement:
Theorem 5. If G is a countable non-amenable group and A is any non-trivial
countable group, then the restricted wreath product A ≀G is non-unitarizable. In
particular, the standard lamplighter group (Z/2Z) ≀ G over any non-amenable
group is non-unitarizable.
In light of Proposition 1, it is enough to prove the theorem assuming A to be
a cyclic group (note that A′ ≀G 6 A′′ ≀G if A′ 6 A′′). In fact, since unitarizability
obviously passes to factor-groups, we may assume that A is a finite cyclic group.
On the high level, the proof resembles that of Proposition 1. Intuitively,
instead of constructing induced group representation, we construct an induced
representations of measurable equivalence relations. This construction is the
same as one used in the paper by Ozawa and Monod. A technical difference is
that they used reformulation of unitarizability in terms of derivations, whereas
the proof presented here relies on reformulation of unitarizability in terms of
existence of a unitarizing operator.
Acknowledgements I thank Lewis Bowen for pointing out to his work on orbit
inclusion of free groups in non-amenable ones.
2 Preliminaries
For a Hilbert space H we denote Aut(H) the set of all bounded invertible op-
erators on H. A representation pi of a countable group G on a Hilbert space H
is a group homomorphism from G to Aut(H). We say that two representations
pi of the same group G on spaces H and H′ are similar if there is a bounded
invertible operator Q from H to H′ such that Qpi(g)Q−1 = pi′(g), for all g ∈ G.
We would say also that this similarity is given by operator Q.
Let (X,µ) be a standard probability space and H be a separable Hilbert
space. A fibered Hilbert space L2(X,µ,H) over (X,µ) with fiber H is the
space of all classes of almost everywhere equal measurable functions f from
X to H such that
∫
X‖f(x)‖
2dµ(x) < +∞. The scalar product is given by
〈f, h〉 =
∫
X
〈f(x), h(x)〉dµ(x). It is not hard to check that this space endowed
with the aforementioned scalar product is indeed a Hilbert space. Note that
L2(X,µ,C) is the standard L2 over (X,µ), and that L2(X,µ,H) is canonically
isomorphic to the Hilbert space tensor product L2(X,µ)⊗H. Let L2(X,µ,H)
be a fibered Hilbert space. For every measurable subset C of X we define a
projector operator PC by (PC(f))(x) = 0 if x /∈ C, and (PC(f))(x) = f(x) if
x ∈ C. Note that PC1 ◦ PC2 = PC2 ◦ PC1 = PC1 if C1 ⊂ C2 ⊂ X . If (Ci) is a
sequence of measurable subsets of X such that µ(Ci∆D)→ 0 for some measur-
able subset D of X , then PCi converge to PD in the strong operator topology.
We will call an operator B on L2(X,µ,H) totally fibered if BPC = PCB for all
measurable subsets C of X .
The following proposition gives an equivalent definition:
3
Proposition 2. An operator B on L2(X,µ,H) is totally fibered iff there is
a measurable field of operators (Bx)x∈X on H (i.e. the map x 7→ Bx is a
measurable map from X to B(H)), such that the norms of Bx are essentially
bounded, and that (B(f))(x) = Bx(f(x)), for all f ∈ L2(X,µ,H), and a.e.
x ∈ X.
We will call the mentioned field of operators (Bx) the explicit fibered form
of the totally fibered operator.
Sketch of proof. It is straightforward that the second definition implies the first
one. For the other direction, we may take a countable dense subset V of H
that is a vector space over the field of complex-rational numbers Q+Qi. Notice
that the map C 7→ 〈BPC(1⊗ v), 1⊗ u〉, for all Borel subsets C of X , is a finite
measure on X , absolutely continuous with respect to µ, for any v, u ∈ H, and
the absolute value of its Radon-Nikodym derrivative is bounded by ‖B‖‖u‖‖v‖.
Using these derrivatives, we refine the quadratic forms corresponding to Bx (it
is enough to carry out the procedure for all v, u ∈ V ). This way we get the field
of operators (Bx), and it is easy to check that their norm should be essentially
bounded.
It is not hard to see that ‖B‖ = ess supx‖Bx‖. We also note that two totally
fibered operators are equal whenever their explicit fibered forms are equal almost
surely.
Note that for each measure preserving automorphism T of (X,µ) there is
a corresponding generalized Koopman operator UT : (UT (f))(x) = f(T
−1(x)),
for any f ∈ L2(X,µ,H). An operator Q on L2(X,µ,H) is called a skew-fibered
operator if it is a product of a generalized Koopman operator and a totally
fibered operator. Note that this representation is actually unique. It follows
from our discussion of totally fibered operators that there is another equivalent
definition:
Proposition 3. An operator Q on L2(X,µ,H) is skew-fibered if there exists a
measure preserving automorphism T of (X,µ) such that QPC = PT (C)Q, for all
measurable C ⊂ X.
Proof. The “only if” direction is straightforward, for the “if” direction we notice
that (UT )
−1Q is a totally fibered operator.
We note that two skew-fibered operators are equal whenever the underlying
measure preserving transforamtions are equal and corresponding totally fibered
operators are equal fiberwise.
Let us fix an essentially free measure preserving action of a countable group
G on a standard probability space (X,µ). We would use the notation gx for
the result of the action of element g of group G on element x of space X . A
fibered representation with that action as a base and Hilbert space H as a fiber
is a measurable map p¯i : G×X → Aut(H) such that
1. p¯i(g1, g2x) ◦ p¯i(g2, x) = p¯i(g1g2, x), for all g1, g2 ∈ G and x ∈ X ;
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2. p¯i(1G, x) = Id, for all x ∈ X ;
3. there is a constant K such that |p¯i(g, x)|< K for all g ∈ G and almost
every x ∈ X .
Note that fibered representaion p¯i gives rise to a usual representation pi on
the fibered space L2(X,µ,H): (pi(g)(f))(gx) = pi(g, x)(f(x)), for all g ∈ G,
f ∈ L2(X,µ,H) and x ∈ X . The next proposition follows from our conideration
of skew-fiberd operators:
Proposition 4. Representation pi corresponds to a fibered representation p¯i over
the measure preserving action of G exactly when pi is uniformly bounded and pi(g)
is skew-fibered with underlying measure-preserving transformation x 7→ gx, for
each g ∈ G.
A simplest example of a fibered representation is given by the tensor product
of any represenation τ : G→ Aut(H) and a left Koopman representation given
by a measure preserving action of G on (X,µ). We will denote that fibered
representation (G y X) ⊗ τ . The following lemma follows immediately from
the properties of skew-fibered operators.
Lemma 1. For a fibered representation p¯i of a counatable group G over its action
on a standard probability space (X,µ), the following commutation relations hold:
pi(g)PC = PgCpi(C), for all g ∈ G and every measurable subset C of X. In
fact, these commutaion relations together with the uniform boundedness of the
representation imply that the representaion is fibered.
The following lemma would be instrumental in establishing totally fibered-
ness of unitarizing operators.
Lemma 2. Suppose a countable group G acts in a measure preserving way on
a standard probability space (X,µ). Assume that there is a unitarizable fibered
repressentation p¯i of G. If B is a unitarizing operator, then the set C of all
such measurable subsets C of X that PC commutes with PC , is a G-invariant
σ-subalgebra.
Proof. It is trivial to check that this set is an algebra. If (Ci) is a monotone
increasing sequence of elements of C , then their union C lies also in C due
to convergence of PCi to PC in the strong operator topology. So C is a σ-
subalgebra. Now let C be in C so PCB = BPC . I claim that g
−1C is in C .
This is due to the following sequence of equivalent equalities:
PCB = BPC
(pi(g))∗PCBpi(g) = (pi(g))
∗BPCpi(g)
(PCpi(g))
∗Bpi(g) = (pi(g))∗B(PCpi(g))
(pi(g)Pg−1C)
∗Bpi(g) = (pi(g))∗Bpi(g)Pg−1C
Pg−1C(pi(g))
∗Bpi(g) = (pi(g))∗Bpi(g)Pg−1C
Pg−1CB = BPg−1C .
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Suppose G and N are two countable groups with fixed measure preserving
essentially free actions on a standard probability space (X,µ). We remind that
these actions form a measurable inclusion of group N into group G if N -orbit
of almost every point in X is a subset of its G-orbit. Suppose that in addition
the G-action is ergodic. Then the G-orbit of almost every x ∈ X splits into the
same number of N -orbits. Thus it make sense to call this number an index of
the orbit inclusion, we will denote it [G : N ](X,µ). From now on we will asssume
that the G-action on (X,µ) is ergodic.
Let actions of countable groups G and N on (X,µ) constitute a measurable
inclusion of N into G. If p¯i is a fibered representation of G, then there is a
naturally obtained restricted fibered representaion of N (we choose this name
because the construction could be considered an analog of restriction of rep-
resentation construction: a representation of a group could be restricted to a
representation of its subgroup). Indeed, for each element h of N there is a par-
tition X =
⊔
g∈GCg,h such that hx = gx for each g ∈ G and x ∈ Cg,h. The
representation is given by the formula ρ¯′(h, x) = p¯i(g, x), for x ∈ Cg,h. It is easy
to check that this representation is uniformly bounded (it is enough to check
boundedness fiberwise).
Lemma 3. Suppose that there are actions of groups G and N on a standard
probability space (X,µ) forming an orbit inclusion of N into G, such that the
G-action is ergodic. Suppose that p¯i is a fibered over the G-action representation
of G, and ρ¯′ is the restriction of that representation into N -representation. Sup-
pose that pi is unitarizable with unitatarizing operator B such that B is strongly
fibered over (X,µ). Then ρ′ is also unitarizable with the same unitarizing oper-
ator.
Proof. We want to prove that (ρ′(h))∗Bρ(h) = B, for all h ∈ N . Note that a
conjugate of a skew-fibered operator is a skew-fibered operator. It easy to check
now that underlying transforamtion are the same and that the both sides are
equal fiberwise.
Given a fibered representation ρ of N over the action N y (X,µ) with a
fiber H, we can induce a fibered representation of G with fiber H[G:N ](X,µ) (this
construction could be considered an analog of the induced representation con-
struction, where from representation of a subgroup we obtain a repressentation
of the containing group). We need some notation to do this. Let I be the seg-
ment [0, [G : N ](X,µ)) (finite or infinite) of natural numbers. Let EG and EN be
the orbit equivalence relations corresponding to the G- and N -actions on (X,µ)
respectively.
The fibers ({x} × X) ∩ EG, for x ∈ X , split into EN -equivalence classes.
We want to pick a measurable system of representatives for these equivalence
classes. To do so, in few moments we will define two measurable functions:
rp : EG → I and en : X × I → X that will satisfy the following properties:
1. (en(x, i), x) ∈ EG, for all i ∈ I and a.e. x ∈ X ;
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2. (en(x, rp(x, y)), y) ∈ EN , for a.e. x ∈ X and every y ∈ X such that
(x, y) ∈ EG;
3. rp(x, en(x, i)) = i, for a.e. x ∈ X and for all i ∈ I.
Given these functions, we are ready to define an induced fiberedG-representation
p¯i from a fibered N -representation ρ¯ with fiber H. The fiber of the G - repre-
sentation p¯i would be HI . For any f ∈ HI we define
(p¯i(g, x)f)(i) = ρ¯(h, x)(f(rp(x, en(gx, i)))),
for g ∈ G, i ∈ I, and a.e. x ∈ X , where h is a unique element h of N such that
en(gx, i) = h en(x, rp(x, en(gx, i)). Intuitively, we hook “coordinates” of f ∈ HI
to the representatives of EN -equivalence classes of the fiber ({x} × X) ∩ EG.
For the fiber ({gx} ×X) ∩ EG, the same equivalence classes might have differ-
ent representatives: en(gx, i) for the representative en(x, rp(x, en(gx, i)) on fiber
({gx} × X) ∩ EG. So we apply ρ¯(h, x) to the rp(x, en(gx, i))’th “coordinate”
to get the i’th coordinate of the result. It is easy to check that the represen-
tation described is indeed a fibered representation over the G-action on (X,µ)
with fiber HI . Technically, this representation is not unique and depends on
the choice of the functions rp and en, but it is not hard to see that any two
representations obtained in this fashion are similar and the similarity is given
by a totally fibered invertible operator (this would be an operator permuting
“coordinates” of HI on each fiber).
Now let us show how to construct functions rp and en. By the Lusin-Novikov
uniformization theorem (see [Ke95, Theorem 18.10]), there is a sequence of
measurable functions (ψi) from X to X , union of those graphs is equivalence
relation EG. We also require that ψ0 is the identity function. Now, we call a
pair (x, i) a new pair if (ψj(x), ψi(x)) /∈ EN , for all j < i. We define en(x, j)
to be the ψi(x), where i is such that (x, i) is the j’th new pair in the sequence
(x, 0), (x, 1), (x, 2) . . .. It is not hard to see that en is a measurable a.e. defined
function. We define rp(x, y) to be the unique i such that (en(x, i), y) ∈ EN .
If there is an orbit inclusion of group N into group G via actions on a stan-
dard probability space (X,µ), and a fibered represnentation ρ¯ of N over the
N -action with fiber H, then we can first construct an induced fibered represen-
tation p¯i of G, and then consider restriction of this representation, a representa-
tion ρ¯′ of N . The latter representaion has fiber HI . Note that L2(X,µ,H
I) is
canonically isomorphic to (L2(X,µ,H))
I . An important observation: the sub-
space L2(X,µ,H0) (corresponding to the first summand of (L2(X,µ,H))
I) is
N -invariant, and it is not hard to observe that the restriction of ρ′ to that sub-
space is naturally isomorphic to ρ. This is important since a subrepresentation
of a unitarizable representation is unitarizable.
Proof of Theorem 5. Let G be a countable non-amenable group and A be any
non-trivial countable group. We aim to prove that if A ≀G is unitarizable, then
so is F2. Since unitarizability passes to subroups, we may assume that A is
cyclic (finite or countable) group. Since a factor-group of a unitarizable group
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is also unitarizable, we can assume that A is a finite cyclic group Z/nZ. Let τ
be a uniformly-bounded representation of the free group F2, we would like to
prove that this representation is unitarizable (which would lead to contradiction
with non-unitarizability of F2). Consider an orbit icnlusion of F2 into G given
by the Bowen theorem. We assume that the action of G is the Berboulli action
Gy {0, 1}G, where the distribution on {0, 1} is taken to be uniform (1/2, 1/2).
Let us denote X = {0, 1}G the space of the actions consider. We consider
ρ = (F2 y X) ⊗ τ , the trivial fibered representation we get from the tensor
product of τ and the Koopman representation obtained from the action F2 y X .
It is enough to prove that the latter representation is unitarizable, since τ is its
subrepresentation. Let pi be the induced fibered G-representation. We remind
that the latter representation could be considered a fibered representation over
the action G y X . Let C = {x ∈ X |x(1G) = 0}. Then {C,X \ C} is a
generating partition for the action G y X , i. e. the minimal G-invariant σ-
subalgebra containing C is the subalgebra of all measurable subsets in X . Let
ξ = e2pi/n. Let T = PC + ξPX\C . It is easy to note that operator T is unitary,
and T , together with representation pi form a representation of A ≀ G. Note,
that this representation is uniformly bounded. So the latter representation is
unitarizable and there is a unitarizing operator B. Obviously, B is a unitarizing
operator for pi as well. Also, since B was unitarisng for the aforementioned
representation of A ≀G, we get
T ∗BT = B
T−1BT = B
BT = TB
B(PC + ξPX\C) = (PC + ξPX\C)B
(1− ξ)BPC = (1− ξ)PCB
BPC = PCB.
Now applying Lemma 2, we get that BPD = PDB, for any measurable subset
D of X , so B is totally fibered, and by Lemma 3, ρ′, the restriction of pi into
an F2-reresentation, is unitarizable with unitarizing operator B. Since ρ
′ is
unitarizable, representation ρ is unitarizable as well (as a subrepresentation).
But τ is a subrepresentation of ρ, so τ is also unitarizable.
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